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1. Introduction 

We continue the program begun in [1] of using the AdS/CFT correspondence [2-4] to model 
the energy dissipation of a heavy quark moving through a plasma. 1 Damping of heavy 
quarks is interesting experimentally for understanding charm and bottom physics at RHIC 
[10-12]. The traditional field theoretic approach to the problem is perturbative, assuming 
that the quark interacts weakly with the surrounding plasma via two-body collisions with 
thermal quarks and gluons and via gluon bremsstrahlung (see [1] for a list of relevant papers). 
AdS/CFT provides a dual model where one can calculate the energy dissipation at strong 
coupling, a regime potentially more interesting for RHIC physics where the effective a s is 
believed to be of order one. 

A direct comparison of AdS/CFT and RHIC data is fraught with difficulty. The essential 
problem is that AdS/CFT does not provide a dual model of QCD with three flavors. Instead, 
the original correspondence provides a duality between the maximally supersymmetric N = 4 
SU{N) Yang-Mills theory and type IIB string theory in a AdS§ x S 5 background. String theory 
in curved space is not under good theoretical control, but in the limit N — > oo and of large 't 
Hooft coupling A = g Y ]^N, the string theory is well approximated by classical supergravity, 
and strong coupling calculations on the Yang-Mills side reduce to classical calculations in 
general relativity. 

1 Recently, several other papers discussing quark damping from other AdS/CFT perspectives have appeared 
[5-9]. 
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Since the introduction of the original AdS/CFT correspondence, a number of generaliza- 
tions have been made, some of which are relevant for our discussion. By adding a black hole 
to the supergravity description, the field theory is raised to a finite temperature [13] dual to 
the Hawking temperature of the black hole. By introducing black holes spinning in the S 5 
direction, the field theory is raised to a finite chemical potential associated to the R-charges 
of the supersymmetry algebra [14-18]. More recently, [19] argued that adding D7-branes to 
the geometry was dual to adding flavor hypermultiplets to the gauge theory. 

The result of these refinements is a strongly coupled field theory in the large N and A 
limit with J\f = 2 supersymmetry, a field theory with markedly different field content and 
interactions than three flavor N = 3 QCD. Nevertheless, at finite temperature, the theories 
may not be so different. For example, the pressure divided by the free Stefan-Boltzmann 
limit (which effectively just counts the number of degrees of freedom) in J\f = 4 SYM is 
remarkably close to the corresponding ratio in QCD at temperatures of a few times T c where 
it is strongly coupled [20]. The dimensionless ratio of viscosity divided by entropy density 
equals l/4n in N = 4 SYM, as well as in all other theories with gravity duals [21, 22] in 
the strong 't Hooft coupling limit. And this value, which is lower than any weakly coupled 
theory or known material substance [23], is in good agreement with hydrodynamic modeling 
of RHIC collisions [24,25]. 

Although one could introduce a chemical potential for heavy quarks, a U (1)_r potential 
is a better way of capturing effects analogous to a light quark chemical potential. For heavy 
quarks, introducing a baryon number chemical potential in the AdS/CFT context would 
mean introducing a macroscopic density of heavy quark baryons. More physically relevant is 
a situation with a few heavy quark probes moving through a soup with a density of ordinary 
baryons made up of lighter quarks. 

The lesson we draw from the successful comparisons of pressure and viscosity is that we 
should try to search out dimensionless ratios and also universal features of dual AdS/CFT 
models. To this end, we take a more general perspective than in [1] where attention was 
restricted to the dual model of finite temperature N = 4 SYM with one N = 2 hypermul- 
tiplet. We consider a general form for the metric of the gravity dual which has a horizon, 
is asymptotically AdS^+i and preserves Poincare invariance on the boundary. Such a metric 
includes the finite temperature, zero chemical potential case studied in [1] as well as the finite 
U(1)r chemical potential case mentioned above. Such a metric ought also to include a num- 
ber of relevant deformations of SYM, and other more speculative AdS/CFT correspondences 
in dimensions d 7^ 4. 

To this d + 1 dimensional metric, we assume a flavor brane can be added as in [19]. 
This flavor brane should fill all of the asymptotically AdSd+i space down to some minimal 
radius u = uq. There will in general be a nontrivial relation between the radius no and 
the Lagrangian mass m of the quark. We model our heavy quark as a classical string that 
stretches from the flavor brane to the horizon of the black hole. The rest mass M res t of the 
quark is the energy of a straight, motionless string stretching from u = uq to the horizon 
u = Uh and will in general be related in a nontrivial way to both m and u^. In the limit uq 
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becomes large compared to the other scales in the problem, 2 M res t and m scale linearly with 
u . 

There is a substantial amount of interesting physics in the relation between uq, m, and 
M rcst which we will for the most part ignore in this paper. It is known that in the case dual to 
N = 4 SYM at finite temperature and R-charge chemical potential, there is a first order phase 
transition as uq is lowered toward the horizon. For example, in the case of finite temperature 
and zero potential, at a value uo/uh ~ 1.02, the flavor brane jumps to a configuration where 
it intersects the horizon [26-29]. A similar jump occurs at finite potential [30] and perhaps 
may happen more generally. There are two lessons to keep in mind. One is that in the limit 
where the radius of curvature L of AdS is kept large, the string will remain classical down to 
the phase transition point. The second is that the configuration uo = is likely unstable. 

Although our approach is more general, the tools we use to measure energy dissipation 
of a heavy quark are similar to [1]. The goal is to calculate the friction coefficient [i in the 
equation 

f— MP. (1.1) 

In Section ||, we revisit the analytic solution of a string moving at constant velocity v. Such 
a string is dual to a quark in an external electric field, and we are able to extract the amount 
of momentum and energy the field must supply to keep the quark in motion. In Section ||, 
we revisit the linearized, quasinormal mode analysis of the string equation of motion. The 
quasinormal modes give information about the return to equilibrium of the string after small 
perturbations, and thus tell us about /x in the small v limit. In Section ||, we consider a 
specific example, the R-charge black hole dual to the SYM field theory at finite temperature 
and U(1)r chemical potential. 

Saving the details for the body of the paper, we make three interesting observations about 
our results. The first concerns the small v limit of \x. Both the analytic, constant velocity 
solution and the quasinormal mode analysis confirm that for all the cases considered 

^M kin = _ (1.2) 

where l/(2ira') is the string tension, Gn is Newton's constant, and s is the entropy density. 
We have introduced a new mass, Mkm, the kinetic mass which enters into the dispersion 
relation for the quark. In the large uq limit, we expect Mk in ~ M rest . In the case of asymp- 
totically AdS*, geometries, the dual field theory should be a variation of J\f = 4 SU(N) super 
Yang-Mills. In this case Gn = ttL 3 /2N 2 where N is the number of colors in the associated 
SU(N) field theory. Also, L 2 /a' = a/A where A = gy M N is the 't Hooft coupling. We find 
that in this case, ( |1.2j ) becomes 

/ s 2 \l/3 

MM kin = VX • (1.3) 



2 At the very least, uq 3> Uh, but in general there may be other scales. 
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The second observation concerns the small Uq limit. Although the D7-brane with uq ~ Uh 
is probably not stable, and a string stretching from such a D7-brane to the horizon is more 
quantum than classical, it is nevertheless possible to analyze the quasinormal mode problem 
formally in this limit: 

li = 2ttT . (1.4) 

Moreover, in the R-charge black hole case analyzed in Section [|, [i is a monotone decreasing 
function of uq, leading us to speculate that li is always bounded above by 2-kT in the non- 
relativistic regime. 

The last observation concerns the velocity dependence of li. In [1], limited evidence 
supported the claim that the heavy quark obeys a relativistic dispersion relation 

E(P) = M rest - M kin + /p 2 + M k 2 in . (1.5) 

Moreover, in [1], the friction coefficient [i was velocity independent. Assuming that the 
same dispersion relation holds in the case of finite chemical potential studied in Section ||, 
we are able to extract LiM^i n from the constant velocity solution of Section ||. Our results 
indicate that has a strong velocity dependence, increasing as v increases. Notably, the 
perturbative calculations of quark damping also have a nontrivial velocity dependence (see 
for example [31]). 

2. The equations of motion 

We assume a metric of the form 

ds 2 = g tt dt 2 + g uu du 2 + g xx 5ijdx l dx j , (2.1) 

where i = 1, 2, . . . , d — 1. As u — > oo, the metric should approach that of AdS^+i with a 
radius of curvature L: 

L 2 

g u -> -L 2 u 2 ; g uu ^ ; 9xx -» L 2 u 2 . (2.2) 

The space is also assumed to have a horizon at u = Uh- 

g tt = {u- u h )d u g tt {u h ) + . . . ; g uu = (u - u h )d u g uu {u h ) + ... . (2.3) 

The metric component g xx is assumed to be finite at u = u^. Finally, we assume that the 
metric components gu, g U u, and g xx depend only on the radial coordinate u. As a shorthand, 
we will take d u f = f and dtf = f ■ 

As discussed in the Introduction, this metric includes as special cases a wide variety 
of space-times dual, via the AdS/CFT correspondence, to strongly coupled field theories. 
Some examples are finite temperature M = 4 SU(N) SYM in d = 4 dimensions discussed 
in [1], the same finite temperature SYM at finite R-charge chemical potential to be discussed 
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in Section ||, various relevant deformations of SYM, and other more speculative AdS/CFT 
correspondences in d ^ 4. 

The Hawking temperature of this black hole space-time, dual via the AdS/CFT dictionary 
to the temperature of the field theory, can be computed by checking that the Euclidean 
continuation of the metric is regular at u = In this case, we find that 



V-(9tt)'(g uu y 



4tt 



(2.4) 



u=u h 



The entropy density of the field theory, proportional to the area of the black hole, is 

(fe) (d - 1)/2 



4G N 



(2.5) 



u=u h 



We model a quark in the field theory as a classical string in the dual space-time. We 
derive the equations of motion for the string from the Nambu-Goto action 



S 



2ira' 



da dr \J—G 



(2.6) 



where G a b is the induced metric on the string world-sheet. We take a static gauge where 
t = r, u = a, and the string only extends in one direction x(a, r). Defining X = (t, u, x) and 
U ■ V = U^V v g^ v where g^ u is the space-time metric, we find 



G = (X ■ X') 2 - {X'Y(X) 



i\2, 



-g U u9u - gxxgtt(x') 2 - g uu gxxx 2 



(2.7) 



The equation of motion is a partial differential equation: 



p. -Qxxgttx _ x 

i — — 9uu9xx(Jt~ 



. 



— G v — G 

Recall that the canonical momentum densities associated to the string are 



75", 



7T„ 



i (x ■x')(x i/ y -{x') 2 {x u ) 

-j9tiu 



27ra / " t *" yJ-G 

i {x ■x'){x u )-{x) 2 {x u y 

-]9^v- 



27TQ' 



-G 



For our string, these expressions reduce to 



( 



2vra' 



-G 



9xx9uuX 



9xx9ttx 



' 9uu9xxXX 9uu(9tt ~t~ 9xxX 



\9tt(g U u + 9xx(- 



J\2\ 



-9tt9xxXX 



{21 



(2.9) 
(2.10) 



(2.11) 
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There is a simple time independent solution to ( |2.£| ) , namely x = A where A is a constant 
and the string stretches from a D7-brane at u = uq to the horizon at u = Uh- Let's calculate 
the total energy of such a configuration: 

E = - w°du = - — - / V-9tt9uu du . (2.12) 



27Ta ' Ju h 

This energy is naturally associated with the rest mass of the quark E = M res t. If we take 
uq —* oo, there is a divergence associated to this integral. The limit uq — > Uh, on the other 
hand, is finite. Assuming gu and g uu are well behaved in between, we may conclude that as 

uo — ► CXD, 

M rcst -» u L 2 /{2ira') . (2.13) 
3. An analytic, time dependent solution 

Assuming dtx = v with v a constant, we will find an analytic solution of fl2.8| ) dual to a single 
quark moving in an electric field £. The equation of motion reduces in this case to 

where 

-G = -g U u9tt ~ gxx9tt{x') 2 - 9uu9xxV 2 ■ (3.2) 
Integrating once with respect to u, ([O]) transforms into 

x' = C (3.3) 

~9xx9tt 

where C is the constant of integration. Solving now for x' yields 

(a/) 2 = _ 9uuC\g tt + 9xxV 2 ) 
9xx9tt\9xx9tt + C Z ) 

With these results for x 1 and x in hand, we return to the canonical momentum densities 
(EllD , finding 

ttJ = ^— C ; tt, 1 = ^-vC . (3.5) 

If we have an open string, then this string will gain energy and momentum through an 
endpoint uo at a rate 

dE n 1 _ 

— = -vr^ = - — -C . 3.6 

and lose an equivalent amount of P and at the other endpoint. 3 

3 We would like to thank C. Kozcaz, who independently obtained (^^), for collaboration in the early stages 
of this project. 
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Let's specialize to the case where we have a string that stretches from the D-brane at 
u = uq to the horizon u = u^. Such a string can be thought of as a single quark moving in 
an electric field with strength tt x = —£. The electric field comes from the U(l) gauge field 
living on the D-brane and has nothing to do with the SU(N) gauge field of the field theory 
dual. This £ feeds energy and momentum into the string at a rate given by ( |3.6|) sufficient 
to keep the string moving at a constant velocity. 

In order for the string to stretch from uo to «/,, C has to satisfy a special condition. We 
know generically that gu has a zero at u = from which we can conclude that for small v, 
9tt + 9xxV 2 has a zero for some u = u c > u^. Thus in order for {x 1 ) 2 and \/—G to be well 
defined along the length of the string, the factor in the denominator g xx 9tt + C 2 must have 
a zero at the same location u = u c . In general an explicit expression for u c and C may be 
difficult to find. 

Let us assume, for simplicity, that v is small. In that case, we can find an approximate 
expression for u c : 

+ 0{v A ). (3.7) 



v 2 g X x 

Uh 



u=u h 



(gu)' 

From this approximation, we find that 

C = vg xx (u h )(l + 0(v 2 )) . (3 

Thus, putting ( |3.6| ) and (|3.8| ) together, we find that 

dP 1 



~dt = ~2^ V9xx{Uh) ( 1 + ° { } ) ' (3 ' 9) 



4. Linear Analysis 



In this section we analyze small perturbations of a straight string which stretches from u = uq 
to u = Uh- This analysis allows us to investigate the friction coefficient (i in the non-relativistic 
limit for any quark rest mass M res t. 

Let's look for a solution to (|2.8| ) where — G —g U u9tt- Let us also assume a time 
dependence of the solution that exhibits exponential damping: x = —fix. With these two 
assumptions, the equations of motion become 



V 9ttgUU duV^g^gxxx' = n 2 x . (4.1) 
gxx 

We are interested in solutions x with standard D-brane boundary conditions, i.e. Neumann 
boundary conditions at a radius u = uq. Because of the absorptive nature of the black hole, 
we take "out-going" boundary conditions at the horizon u = Uh [32] . To explain "out-going" , 
consider the solution to ( |4.1| ) close to the horizon. Near u = Uh, fl4.1| ) takes the approximate 
form 

{4ttT) 2 (u - u h )d u {u - u h )x' = n 2 x , (4.2) 
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which has the two solutions 



x = ci(u - Uh) 1 + c 2 (n - Uh) 7 , (4.3) 

where 

7 = j&. ^ 
Out-going boundary conditions means we take c\ = 0; with the e _/it time dependence, waves 
travel into but not out of the event horizon. 

As a first step in this linear analysis, we make an assumption that will turn out to 
correspond to studying heavy quarks. In the next section we will consider light quarks, and 
in Section [T^, we will study the general case for a specific space-time numerically. 

We assume that \i is small and accordingly expand our solution as a power series in fj,: 

x = x + u 2 xi + . . . (4.5) 

where now our differential equation Cx = \j?x breaks apart into pieces Cxq = and Cx\ = xq. 
The only solution for the leading term is to take xq = A where A is a constant. Solving now 
for x\ yields 

^ f 9xX ^ g-j 

1 9xx\/-gttg uu J u V-9ttg uu 

where we have taken the lower bound of integration to be uo to satisfy the Neumann boundary 
conditions. 

As a final approximation, we will take uq to be very large so that near u = uq, the 



metric components take the asymptotic form (2.2). Having taken this final limit, we can 
approximately evaluate x'i(u) for u close to the horizon. The key to the evaluation is the 
realization that the integral ( [4.6|) will be dominated by its limit behavior near u = Uh and 
near uq. For u w Uh, 

x[(u) * \ f- L ^ UQ + i^M Hu - Uh) ] . (4.7) 

4irTg xx (u h )(u - u h ) \ AttT J 

Matching this result onto our definition of out-going boundary conditions yields a quasinormal 
mode condition on fi: 

fi = T2 — 9xx{uh) ■ (4.8) 

We now use this result for the quasinormal mode to find an expression for the momentum 
loss. Identifying the endpoint of the string at u = uq as a quark, the velocity of the quark 
obeys the differential equation v = —fiv. In the large no limit, we have that the mass is 
approximately M res t ~ uqL 2 / {2ira'). Putting these two facts together, we find that 

dP u L 2 1 

in perfect agreement with the result fl3.9|) of the previous section for a slowly moving heavy 
quark. 
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4.1 Light Quark Limit 

Having found an analytic expression for /i in the limit uo — * oo, we now investigate the 
opposite limit no —* u^. As discussed in the Introduction, this limit corresponds to relatively 
light quarks. In Section [2], we made some assumptions about the near horizon behavior of the 
metric components. To make progress here, we need to make a few additional assumptions: 



V-9ttg uu = 4vrT(n - u h ) (1 + c(u - u h ) + . . .) (4.10) 
9xx = 9xx{uh) + g'xx(uh)(u - u h ) + ■ ■ ■ , (4.11) 

where c is a u independent expression that depends on the details of the metric. 4 
Assuming a power series solution to (|4.1|) of the form 



x(u) = (u- u h y\l + A(u - Uh ) + ...), (4.12) 
we solve for A. The result is that 

A = 1 (c + 9 '^ U ^ {Uh) ) • (4-13) 

Our power series expression for x(u) satisfies the required out-going boundary conditions 
at the horizon. We also require Neumann boundary conditions at the flavor brane: x'(uq) = 0. 
Generically in the limit no — > Uh, we expect the first few terms in the power series expansion 
for x[u) to be dominant. To satisfy Neumann boundary conditions, a sufficient condition is 
the requirement that (uq — Uh) /(l — 27) be held fixed in the limit uq — ► it/,. In this way, there 
is a possibility that the second term in the power series expansion for x'(u) can cancel the 
first one at u = uq. But this condition tells us that the friction coefficient in this limit must 
be 

u = 2vrT . (4.14) 

Given that in the limit uq — > 00, u scales as T/uq, it is tempting to speculate that [i 
is a monotonically decreasing function of uq. In the example we study in Section ||, this 
monotone behavior holds. Given such a monotone behavior, it is tempting to go even further 
and speculate that u/T is bounded above by 2n for every AdS/CFT model of quark damping. 

4.2 Dispersion Relations 

Continuing our linear analysis, we attempt to establish a relationship between the energy E 
and momentum P of the string assuming a time dependence of the form x = —fix and that 
x and x' are small. 

Using the equation of motion (^]l|) , we can rewrite the momentum density as 

« gxxg uu x l 1„ -gugxxx' , . 

ir x = — = -—a u — — . (4.15) 

2-ko.' yj-gttguu 2na' u y/-gttg U u 



4 Note that there may well be exotic cases where the metric does not have a regular power series expansion 
near the horizon, u sa Uh- 
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The total momentum integral can now be evaluated 

P= [ 7r o du= _J_I 
J x 2ira l n 



M V <?• 



— 9tt i 

9xx% 



U=UQ 



(4.16) 



Because of Neumann boundary conditions at the flavor brane, we know x'{uq) = 0. Ideally, we 
would like to take u m i n = Uh, but there will be a divergence which we regulate by introducing 
an infrared cutoff u m i n > u^. 

We evaluate the energy in a similar fashion. Now we keep quadratic terms in the expan- 
sion of V—G, anticipating a non-relativistic dispersion relation. The energy density takes the 
form 

1 



717 = 



2vra' 



V~9tt9uu + T,9xx ,, 

2 V 9 



9tt , A2 . 1 

i x ) + t;9x 



-gtt 



(4.17) 



Integrating by parts and using the linearized equation of motion yields a simple expression 
for the energy 



E 



du 



1 



uo 



V-9tt9uudu 



1 



, 9xx 



2 ™' -L min 4ttq'- v 9uu 



9tt , 
— xx 



(4.18) 



where we have used the fact that x'{uq) = 0. Using the fact that close to the horizon 

x ~(u-u h y^ T , 

and recalling the definition of M res t, we find that 

1 P 2 



E = M mst + 
where we have defined a kinetic mass 

M kin = 



2M kin 

9xx{Uh) 



(4.19) 



(4.20) 



In other words, we have found that the quark obeys essentially the usual, non-relativistic 
dispersion relation for a point particle. The only difference is that the rest mass is different 
from the kinetic mass. 

5. An Example: The R-charged black D3-brane background 

Consider the following asymptotically AdS$ metric with horizon [15]: 



ds 2 = _ n -2/zi^m_ fdf2 + W (&2 + dy2 + dz 2 } + H l/3 _L_ df) 2 . 



where 



rL = \\Hi, Hi = l + Ki P ; f = H-p 2 f[(l + Ki) 



(5.1) 



(5.2) 



i=i 
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and with respect to the radial coordinate u of previous sections p = r^_/(u 2 L A ). With this 
change of variables in mind, note that = r + /L 2 . The Hawking temperature of the black 
hole solution is 

m 2 + Kl + K 2 + K 3 - KlK 2 K 3 

--T . (5.4) 



2 V /(1 + Ki)(l + «2)(1 + K 3 ) 

This gravitational background is dual to N = 4 SU(N) Super Yang-Mills theory with 
finite chemical potential for the U(l) R-charges. The chemical potentials are related to the 
^ via 

^ = vrr -^n(l + ^) 1/2 - (5-5) 
1 + Ki i=l 

For convenience, we will express the masses and friction coefficient in terms of the Ki rather 
than the fa. 

The black hole provides a model in which to explore the effects of chemical potential on 
quark damping. We will find two interesting effects. The first is that the friction coefficient is 
not a monotonic function of the chemical potential. The second is, assuming a relativistic dis- 
persion relation for the quark, that the friction coefficient has nontrivial velocity dependence, 
unlike the zero chemical potential case studied in [1]. 

5.1 Moving Quark 

We begin with a discussion of the analytic, single quark solution discussed in Section ||. 
Formally, from Section ||, we know that dP/dt = —C/2-Ka 1 . It is tempting to reorganize this 
information assuming a relativistic, single particle dispersion relation for the quark 

P = M ^ V 2 . (5.6) 



v 



In this case, the friction coefficient \x can be expressed in terms of C as 



jUMkin _ VI ~ V 2 C 

T 2 V\ v 2vrT 2 L 2 " 1 ' 

To consider the small velocity limit of this analytic solution, we evaluate g xx on the 
horizon: 

3 



9xx{uh) = (vrT L) 2 JJ(1 + K 



1/3 
i=l 

n1U(i + ^) 4/3 



= (2ttTL) 

(2 + Ki + K2 + K3 - K\K2KzY 

Since C = vg xx (uh), we find that 

M^km = 2t n?=i(i+*) 4/3 M) 

T 2 \/A (2 + Ki + K 2 + K 3 - K!K 2 K 3 ) 2 
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which is shown plotted in Figure |T|. Note that the plots are not monotone increasing functions 
of the chemical potential Kj. In the case where k 2 = k 3 = and only K\ is dialed, fiM kin 
reaches a maximum at about K\ = 1. 

jUM kin 



T 2 VX 



3 

2.75 
2.5 
2.25 
2 

1.75 



s 



0.5 



1.5 



Figure 1: The friction coefficient as a function of K{ in the small v limit. For the solid red line, 
Ki = k, K2 = ^3 = 0. For the dashed green line, K\ — «2 = k, kj, = 0. For the dotted blue line, 
K± = K2 = K3 = k. The domain of the plot is determined by the region of thermodynamic stability: 

2 — Kl — K2 — K3 — > 0. 

Although the formulae are messy, one can find explicit expressions for the integration 
constant C of the analytic, constant velocity solution and hence for the energy and momentum 
loss. For example, in the case K\ = k 2 = n and K3 = 0, one finds 



/xMttn _ 7T ni + K) 2 (l + K(2 + V 2 K)) \ 

T 2 V\ ~ 2 V i + K + ^/T^2 K J 



1/3 



This expression has the small k expansion 

T 2 V\ ' 
and the small v expansion 

fJ-M kin 



|(i+i(3-yr^) K +o(K 2 )) . 



T 2 V\ 

Another simpler case is K\ = k and k 2 = K3 = 0, for which we find 
fiM kin 2 1 / 6 2tt(1 + k) 5 / 3 



(2 + k) 2 (2 + 2k + k 2 - v 2 k 2 + k ^/(1-v 2 )((2 + k) 2 -v 2 k 2 )^J 

This expression has the small k expansion 

fj,M kin 



1/6 



T 2 v/A 



|fl + I(3- Vl-u 2 )« + 0(« 2 )) , 



(5.9) 



(5.10) 



(5.11) 



(5.12) 



(5.13) 
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Figure 2: The friction coefficient as a function of k for different values of v. The bottom most curve 
is the small v limit. As v increases, the damping increases. Also shown, from bottom to top, are the 
curves for v — 0.3, 0.5, 0.7, and 0.9: a) k± = k and ^2 = «3 = 0, b) k± = K2 — k and K3 = 0, c) 

K\ = K2 = K3 = K. 



and the small v expansion 



,M kin _ (1 + ^3 x + + 



T 2 VX (2 + k) 2 V 6(2 + «) 

While the = result for ^Mki n is independent of the velocity, interestingly, nonzero 
chemical potential introduces a nontrivial dependence of [i on v. As t> increases, as is clear 
from Figure ||, \i increases. 

Before moving on to an analysis of the quasinormal modes for our string, we consider the 
relativistic limit v — > 1 of ( |5.S| ) and ( 5.12 ). Both of these expressions for fiM^ approach a 
finite limit as v — ► 1. In the case K\ = K2 = k and K3 = 0, we find 



^-^■-^ KVr ^ + 0(l-^)) (5.15) 



T 2 VX 2 v ^ 3(1 + k 
while in the case k\ = k and K2 = ^3 = 0, we get 



r 2 VX (2 + k) 2 \ eVTT^ v ! 
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Although /uMkin is finite in the relativistic limit, the derivative of /i with respect to v diverges 
at v = 1 for nonzero chemical potential. 



5.2 Quasinormal Modes 



We were not able to solve analytically the linearized equation of motion (4.1) for the string in 
this black hole background. However, we were able to find u as a function of uq numerically. 
A simple shooting algorithm suffices. At a point close to the horizon u = (1 + e)uh, we use 
( }4.12| ) to enforce the out-going boundary conditions. For various values of n we integrate 
(4.1) out to the flavor brane u = uq. By refining the choice of //, we locate the value that 
satisfies Neumann boundary conditions x'(uq) = 0. 

In Figure E| we plot the friction coefficient as a function of M res t for various choices of Ki . 
We have introduced Am = \f\T jl to plot a dimensionless quantity for M res t. As predicted 
from the analysis of Section |], fi — > 2irT in the limit uq — ► The plots are also consistent 
with the prediction that /x scales as 1/uo in the large no limit. In between these two limits, u 
is a monotone decreasing function of uq, lending credence to our hypothesis that \x is bounded 
above by 2ttT for small v. 



(a) 



(c) 




(b) 



8 Am 



(d) 



8 Am 




M„ 



20 Am 



20 Am 



Figure 3: The friction coefficient as a function of M res t for different values of n. Plots (a) and (b) 
have k — K\ = K2 and K3 = 0. Plots (c) and (d) have k — K\ = K2 = K3. Plot (a) shows from bottom 
to top k — 0, 1/2, and 1. Plot (c) shows from bottom to top k — and K = 0.596. Plots (b) and (d) 
are the difference between the top and bottom curve in (a) and (c) respectively. 



- 14 - 




Figure 4: Here K2 — K3 = and k,\ — k. Plot (a) is the difference Mki n (ft=2) — Afkin(ft=0) as a 
function of M rest . Plot (b) is the difference in /i for the same choices of k. 
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